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TJ— 1) IEMEMBDARY ML

Spectrum Analysis of Earthquake and Fourier Transform

* 27V M DR - HERBIO 27 ST M) CRIGIEEZ, BEEHIRE) ZoicfER L
TUVE T, : The original of this document was from the above text book.

- HARVOEBEERK : 58ZET (Strong-Motion Acceleration: SMAC)
- Imperial Valley Earthquake at EL Centro(1940.5.18) 326gal : MFAW)DHEE O ik
(Record of the first strong motion due to earthquake in the human history)
+ Arvin-Tahachapi Earthquake at Taft(1952.7.12) 147gal

- ERDYE (Properties of Earthquake Wave)
RGE LT 5 Ml —AEEYRICK L CH A DB EEX DTODOHENRTFNRN0,
- e KHEME  (maximum amplitude)
- MkfERER]  (duration time)
- alif& AR (envelope curve) : F=ZE) (principal shock)
- WeE (numbers of wave)
- JRENEH] (periods)
- =x/LX (Energy)

Principal shock

b =8 - '
200 - i 42/ Maximum amplitude

-200 *

B¥fa] (sec)

A
v

Duration time

GromneckIcAL ENGINEERING [LAB, maeda.kenichi@nitech.ac.jp.




Geo-Disaster PreveENnTION SvsTEM
-2/16 -

Finite Fourier Approximation of Time History and Time Series
and its Formulations

1) Approximation of digital time history data with Tri-angle series

Discrete System: At > 0: data sampling interval

(to, XO), (tl, xl), (tz, Xz), (tN_l, XN—l) ++...N=(N-1) +1: data: N conditions
Duration Time: T =N At (1.1)
Time: t=mAt(m=0,1,2, -.., N-1) (1.2)
A data point: X, = X(m At)

(a)
A ~ Y a0, Wi
g

(b) /(’\I\ At sec
Xm
EAaES | \y | S

m=0 1 2 m=m m=15

[e——— t=mAt sec
= T=NAt=8sec
N=16(m=0 —15) : Xo, X1, +.+vvury X15.

duration time: T=16xAt

2) Approximation of digital time history data with_infinite tri-angle series

AD+Alcost+A2c052t+----+Akcoskt+---} o

+ B, +B,sint+B,sin2t+----+B, sinkt+----
What is the period T, of cos(kt)or sin(kt)?

coskt = cos k(t +T, ) = cos(kt+27) = cos k(t + 2?7[}

2 . ‘
Tp = T: As k increases, the period T, decrease

(the frequency f=1/T, increases).
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o0

>"[A, coskt+ B, sinkt] (2.2)

k=0

replace t by 2—7Tt or 2—ﬂt
T NAt

2 27kt i Zﬂkt
by 2.3
ZiAk cos- B, s NAJ (2.3)

3) Approximation of digital time history data with finite triangle series

Set k to be from 0 to N/2

N/2 N/2
X =Z{Ak cosil—ﬂX:+ Bksinz—ﬂkt} Z{Ak cos Zﬂlll(m+BkSin Zﬁm} (3.1)

2} Here, Number of unknown coefficients is 2(N/2+1) (3.2)

Number of unknown coefficient 2(N/2+1) =N+2 > number of conditions (data) N

From partial consideration,

For the case of k=0, AocosZ”kTrn _ A=A and Bsin XM _B .0=0 (33)
For the case of k=N/2, BN/ZsinZﬂkTm:BN/zsinﬂmEO (3.4)
Consequently, Eq.(3.1) is reduced to
N/2-1
X, = A+ Z[Ak Ccos 2ﬂkm+B sin Zﬂlij( :|+AN/2COSM (3.5)
k=1
For convenience
N/2-1
X, =A/2+ Z[Ak Cos 2ﬂkm+Bksin Zﬂﬁm}+AN/2/2cos% (3.6)
k=1
i) H H . ..! 1 . ." -1 A
Por A Por o Ao Ao vz N/2+1+N/2-1=N (3.7)
B, By, Byy o Byjoy
Therefore,
Numbers of unknown coefficient N = Condition Equation N (3.8)
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4) Determination of Ay and By with orthogonal property of triangle functions

¥ =A%) ? / Why do we use triangle functions for Fourier approximation?

= A B3R OEAME A FI B 3 2 (We utilize orthogonal property for Triangle Functions)

2cosa-00s /3 = cos(a + f3)+cos(a — )
2cosa-sin B = cos(a + B)—sin(a - B)
2sina-sin B =—cos(a + B)+cos(a — B)

2c0s” o =1+ €0s 2«
2sin’a =1—cos2x

cos a +cos(a + f3)+ cos(a

sina +sin(a + B)+sin(a +28)+

+2)+----+cos{a +(N -1)B}
) cos(a+Nz_1ﬂj5inN2ﬁ
sinﬁ
....+sin{a+(N —1)ﬂ}
sin(a+ — ﬂjsin N2,8
siné

if =0, summarize the results.

N1 cosEﬁ-sin NS
> " cos pm = 2 2
m=0 siné
2
Nt sinEﬂ-sin Ng
> sin fm = 2
m=0 sinﬁ
2
& 2dm  2zkm [N/2 k=1
C0S———C0S ——— =
m=0 N N 0 k=l
Nt 274dm . 27zkm [N/2 k=l
sin——sin——=
m=0 N 0 k=l
& . 27m  27km
sin——cos =0
m=0 N N
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For A¢

EEZIE, A FRHB, | Forexample, we calculate the factor A,

NE! 27dm _ 27m 27r(N/2
X, —A0/2+I212{A,003T+Bls }LAN/Z/Z 0§ ————— (N/2)m (4.1)
1) Loz cos(27zkm/N);’i’%l\H%> / Multiplication of Cos(27zkm/N) to Eq.(4.1).
X,, cos(2zkmy N):%cos 27K
N 27m __ 27km 27m __ 2zkm
Z Acos—cos— +B, sin=———cos ———
N N N
+ AN/2 cos 22(N/2)m cos KM (4.2)
2 N N
2)ym= 075>%m N —1FTkFizLs [ Summation from m=0 to m=N-1 in Eq. (4.2)
me cos(27km/N) =iZcos— (->0)
m=0 m=0
N/2-1[ N-1
+ > {Z A COSM—mcos Zﬂkm}
I=1 [ m=0
N/2-1[ N-1
+ {Z B s nM—mcoszTL(m}(»O)
I m
0s 27(N/2)m 27kim (>0) 4.3)
2 N N
1st term, 3rd term and 4th term in right formula =0 with account for the orthogonal
N-1 N/2-1
> X, cos(2zkm/N )= Z A1 cosﬂcosmk—m (4.4)
m=0 N N
N/2-1  [N-1
> A Zcoszm—mcosm—m =A-0+A -O+-+A -ﬂ+---+AN/H-O (4.5)
1=1 m=0 N N 2
N-1
:Eme cosZﬂk—m (4.6)
m N
2 N‘lx o 27Km
A= &K S0 k=0,12,- N/2—1 N/2 “n
N_l — . ee —_— '
B = 23y gjn 27Km k=12, N/2-1
N =
N-1
i =i X, : mean value (4.8)
2 N m=0
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3) B4k X(t)@i&{b){: Fourier Approximation
t=mAt, m= tt (4.9)
{ 27kt 27kt 27(N/2)t
2+ ——+B —_— 4.1
)= A2+ kZ{Akcos anA}AN/Z/ cos =~ (4.10)
ki
(a) N\ /N N\
v\/ \/ -
//\ﬁﬁﬂ‘ f1 = T1 NAt

Nat' T2
) PN
%,’xﬁﬁg} fnie =——, Tz =2At

(d) P e TS SN e T T e T T
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5) Spectrum Properties
NE? 27kt . 27kt 27(N/2)
X(t)= A, /2+ cos— + B, sin—— [+ A, /2C0S ——— 5.1
(t)~ A/ ;[AK N AT N ac | A/ N At (5.1)
1)E K%k - F#A (Frequency/Period)
o, = 27 oK (5.2)
NAt T
p o2 T_NAT 1 k_ k. 63
o, k Kk T, T NAT
— k=0, f, =1f,=0: EJinksr(Cascade Component)
A 1E R .
?:W Xm }_{ZIKOD‘IZIZ,F'F\ZJ)%@X |74 (54)
— k=0, f, ¢0
f1< f2<“'fN/2—1< lezv T1>T2>'"TN/2—1>TN/2 (5.5)
— R HEME L R E e (Discontinuity of Decomposed Frequency)
1
Af = fk+1 - fk :m (56)
2)E A& Eh %k (Fundamental Frequency)
ot 1 1 (5.7)
T, T NAT
3)F 4 ¥R FRENER(Nyquist Frequency) 43 fi#HE : Resolving power
Fir A RTRE 72 =y JE I B O [RSUME /2 Limit value of detection possible high frequency
1 1
Tz =1 =247 (5:8)
N/2
1
At =0.01(sec.) —» f,,, =———— =50Hz 5.9
Gee) = Tvz =5 001 59
A)HRNE - G248 M (Amplitude/Phase Angle) ERIE 2 D
A, cos(at)+ B, sin(at)= X, cos(at +¢) (5.10)
= A +B] (5.11)
¢= tan‘{— &] (5.12)
A
47— I (ki) A% kJL(Fourier Amplitude Spectrum/ Fourier Spectrum)
%Xk dimension: [X, Jsec.] (5.13)
5)/NT—RA AR k)L(Power Spectrum): Invariant Value
N-1 N/2-1
S xeat=TIC,[ +2 > T[c,[* +T\CN/Z\2 C,: MHEH T — ) TIRIE (5.14)
m=0 k=1
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6) Finite Fourier Approximation with Complex Number
c=a-+ib: c:complex number, a:real part, b :imaginarypart, i=+/—1 (6.1)
lc|=+va®+b? : absolute value (6.2)
c-c = |C|2, ¢ =a—ib: conjugate complex number (6.3)
et = (COS@ +isin 49): Euler’s Formula (6.4)
1/ . _
cosf=—(e"” +e™)
% . . (6.5)
sing==(e" —e™)
2
Approximation with Complex Number
cos 27Kkm _ l[ei(Z;zkm/N) +e—i(2ﬂkm/N)]
27Km % i i (6.6)
sin :_i_[el(Z;zkm/N)+e—|(2;zkm/N)]
2
Finite series
2;zkm
X _ZC e N m=0,12,..N-1 (6.7)
—iB
C, =%, k=0,1,2,...,N-1 N (6.8)
Determination of C,
1 N= 27zkm
= N k=0,1,2,..., N-1 N (6.9)
NE=
C, =C,_, : folding frequency f,, = L (6.10)
N-k * N/2 AL :
=2Real(C
A 2 , k=0,1,2,..,NI2 (6.11)
B,= 2Im(C,)
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7) Fast Fourier Transform (FFT)

¢, ¢, C, C, C, C, C, C 1x8
— Bl
c, C, C, C; 2x4
C, G G C
2 [m153%1
C, C, 4x2
C, G
C, G
C; G
3 [El 5 El
Co 8x1
C,
C2
C6
C,
CS
CS
C

-

— FTE BRI (Time for Fourier Coefficient Calculations): T,
Fourier Transform(FT) T ocN?

Fast Fourier Transform(FFT) T, o Nlog, N

Comparison for Cal. Time

N Factor Ratio for T,
4094 2x23x89 12.9
4095 3?x5x7x13 39
4096 2 1
4097 17x241 28
4098 2x3x683 77
4099 - 460
4100 2°x5%x41 6.3

— ## 0+ O(Trailing Zero):
N2R2BFETHRNVEE, PuziiisEsd,
N=3000 — N=3000+1096=4096=2"
- U > 7 Zh e (Link Effect) % fif ¥

GeoScience & GeoENGINEERING LAB
http://www.cm.nitech.ac.jp/maeda-lab/




Geo-Disaster PreveENnTION SvsTEM
-11/16 -

8) Link effect

— BT —=
(a)
/\ o LS o L o~ AN ,,\/\A PP
\Valhy \Valcd \Vald \Valh= (Vi
(b)

(a) Periodic Function: earthquake motion transformed by Fourier series
(b) Non-periodic function: real earthquake motion

Ea-11 Y 73

Link Effect in Fourier transform

GeoScience & GeoENnciNeERING LAB
http://www.cm.nitech.ac.jp/maeda-lab/




Geo-Disaster PreveENnTION SvsTEM

-12/16 -
9) Fourier Integral: Discrete system / Continuous System
/ Time Domain Frequency Domain
Spectrum
I/\ A /\/\ o~ /A/\
| \J \/ V'V Time
Frequency or Period
Fourier Transfom
(Fourier Integral)
Fourier Inverse Transfom
» 2 2 q
xt)=>Ce T => (TCJe T = : for Discrete System (9.1)
k=—o0 k=—o0
1 12 2t
C, = =5 . x(te Tdt, —co<k<owo 9.2)
k 1
fk :?, Af:fkﬂ—fk:? (93)
LS - f
T
T o Af:_l_l—>dfz0 (9.4
TC, : discrete — F(f): continuos function
LS — f
T
1
T S50 TC, : discrete — F(f ): continuos function 95)
i iLﬂkt 00 -
xt)=3 (TC, ) T % S x(t)=[" F(f e
k=—o0 -
1 (72 42?”“ o 2t
TC == _mx(t)e dt - F(f)=] x(te*"dt
Fourier transform(Fourier integral): x(t) — F(f)=1lim(TC,) (9.6)
T
Fourier inverse transform: F(f) - X(t) 9.7
Fourier Spectrum: T|C, |
T :
TC, :E(Ak ~iB,) (9.8)
T 17 o2 T
T|Ck|=§ Akz"i‘Bkz =5Xk (99)

GeoScience & GeoENGINEERING LAB
http://www.cm.nitech.ac.jp/maeda-lab/




Geo-Disaster PreveENnTION SvsTEM
- 13/16 -

10) Smoothing / Filters

a) Data Window

b) Spectral Windouw
(b) Bartletty 1 > K7
(a) EFWY 12 FY 1.0u
2.0u r {
0.5u
15u !
0‘
_ -1 0 X 1 2
1.0u u u b | v v

0.5u

—0.5u

M6-6 Z<T7Fn-T42F7

1.0
oA
0
050
1942l
/
RN
025 ,” N 0.25
e Mg
/ \
7 \
-1 0 1
242N 0.375
025 -7 [ >~_o025
// N
0.0625 7 N 0.0625
—4 | | | £~
2 0 1 2

c) Lag Window
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Spectrum Window, Parzen's Filter
Number of Data=2048, Nyquist Frequency=1/(2*0.01)
v L] v L] v L]

[ Band=0.0Hz I
S0 ]
g 4OF -I
& [ ]
(&) L J
= 30} ]
o [ ]
S [ ]
< 20F i
- i 1
2 [ ]
= [ ]
3 10f ;
L [ ]
of :
0.01 0.1 1 10
Period, (sec.)
Spectrum Window, Parzen's Filter
Number of Data=2048, Nyquist Frequency=1/(2*0.01)
40 F : ]
: l"‘ ] S ‘2 / \\
72y L i. e~
§ [ (N RaRIEITIEES -
E 30 - _/_: NS . ]
3 n.r NI |
o ! \ ]
E 20 B I lll]{; N - .
< h,,}'n Tt
|- v !
3 1A ]
5 10} ,F! - - - Band=0.5Hz ]
e [ Jf' Band=1.0Hz ]
[ i - - - Band=2.0Hz 1
3 .J 4
0 C M M a2 3l M M a2 3l M M a2 3l i
0.01 0.1 1 10

Period, (sec.)
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(55) (MMOLAE) Complete collapse [ kit 2 i I £
20 ~ rateof buildings Wooden building ~ Storehouse
15
10 -
5
m o4 WA KR W a; =T % x R
& 2 | ﬁ  O# K @ : & ® Aol
(£ RAVIRMDIEBEISE)
w8 T T 8 T 8
5 RN [ F
6 { A{ { 81 6]
11 [ 8 & N\
4 4 11 — 4 —
VARAN [ ]
A T~
# 2 4 6 Hz 2 2 4 6 Hz * 2 4 6 Hz
L .km
Di Al . Al cean, water front
Alluvial Land o

Dilluvial Land \_
Dm 4
:m Reclaimed Land

]

MEICKZEYDHE LA D RE{%: Relation between the damage of the
building by the earthquake and ground condition: &t LATAT 71 (iR
)

Recent time Reclaimed Land
1923
REOHNIR “ TOkyO Bay
1855

1855 T3

REDIA—3—- 7O FO#EE(
front and Reclamation in Tokyo-bay

BT TEEDRHR): Process of water-
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#ERZ (Recommendation Text and Papers)

1) THr - MEHORRY MLEHAM] XBIEE, ESHRE
2) TRRY bLEEHT) BE&M, SEEE
3) o—UIE) XKA#— SREE EIROHFAMI—X)

For examples
1) “The Fourier Integral and Its Applications”, papoulis, A.(1962), McGraw-Hill
2) “Random Data: Analysis and measurement Procedures”, Bendat, J.S. and Piersol,

A.G.(1971), John Wiley & Sons.
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